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both represent pure quantum states. ^
1
represents the ba-
sis state j1i while ^
2
















= j	ih	j. Both density matrices have eigenvalues
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B. Kinematical Equivalence Classes of States
Conservation laws such as the conservation of energy
and probability require the time evolution of any (closed)
quantum system to be unitary. Thus, given a pure state
j	
0












Consequently, a general quantum state represented by
a density operator ^
0









U (t) unitary for all times. This con-
straint of unitary evolution induces kinematical restric-
tions on the set of target states that are physically ad-
missible from any given initial state.





are kinematically equivalent if there


















matically equivalent if and only if they have the same
eigenvalues.
Proof: Given two N N density matrices that have
the same set of eigenvalues, we can always nd two sets
of N orthonormal eigenvectors and a unitary operator
^
U 2 U (N ) that maps one set of eigenvectors onto the












































must have the same

















































i is an orthonormal basis for ^
1





C. Dynamical Lie Groups and Reachable States
For any given initial state, only states in the same kine-
matical equivalence class can possibly be dynamically
reachable. However, the set of dynamically reachable
states may be a subset of the kinematical equivalence
class. In general, the set of states that are dynamically
accessible from a given initial state depends on the dy-
namical Lie group of the system. Consider a quantum























, 1  m  M , are (independent) bounded
measurable control functions. Since the time-evolution
operator
^














only unitary operators of the form
^
















denotes the time-ordered exponential, qual-
ify as evolution operators. Using the Magnus expan-
sion of the time-ordered exponential, for instance, it can
be seen that only unitary operators of the form exp(x^),
where x^ is an element in the dynamical Lie algebra L gen-









are dynamically realizable. These unitary operators form
the dynamical Lie group S of the system.
For practical purposes, it is often more convenient to
consider the related Lie algebra
~
L, which is generated by



























is the identity matrix of di-
mension N .
~
L is always a subalgebra of su(N ) since it is





) = 0 for all m then
~
L = L; otherwise
we have L =
~






III. DEGREES OF CONTROLLABILITY
A. Denitions
In this section we give precise denitions for various
degrees of controllability for quantum systems, which
are relevant in areas such as quantum-state engineering,
quantum chemistry [7] and quantum computing [15].
3Denition 3 A quantum system is completely control-
lable if any unitary evolution operator
^
U is dynamically
accessible from the identity
^
I .
That is, a quantum system is completely controllable
if there exists T > 0, a set of admissible control func-
tions (f
1
(t); : : : ; f
M
(t)) dened for 0  t  T and a
corresponding trajectory
^
U (t) satisfying the Schrodinger







U (T ) =
^
U .
Denition 4 A quantum system is density matrix con-
trollable if for any given initial state represented by a
density matrix ^
0
, all kinematically equivalent states can
be dynamically reached at some later time T > 0.
More precisely, a quantum control system is density-





, there exists T > 0, a set of ad-
missible control functions (f
1
(t); : : : ; f
M
(t)) dened for
0  t  T and a corresponding evolution operator
^














Denition 5 A quantum system is pure-state control-
lable if for any given pure initial state represented by a
wavefunction j	
0
i, any other pure state j	
1
i can be dy-
namically reached at some later time T .
More precisely, a quantum system is pure-state con-





exists T > 0, a set of admissible control functions
(f
1
(t); : : : ; f
M
(t)) dened for 0  t  T and a
corresponding evolution operator
^
U (t) satisfying the













Denition 6 A quantum system is observable control-
lable if any observable represented by a Hermitian oper-
ator
^
A on H can dynamically assume any kinematically
admissible expectation value for any given initial state of
the system.
The kinematically admissible expectation values for
any observable
^
A depend on the initial state of the sys-
tem. Precisely, the expectation value (ensemble average)
of the observable
^





















are the eigenvalues of the equivalence class of
density operators selected by the initial state, which are
counted with multiplicity and ordered in a non-increasing
sequence, and 
n
are the eigenvalues of the operator
^
A, also counted with multiplicity and ordered in a non-
increasing sequence. The upper bound is assumed if the



























i. Similarly, the lower bound is assumed if the


















has eigenvalues occurring with multi-
plicity greater than one then there exists a subspace of
states for which the upper and lower bounds are achieved.
Otherwise, there is a unique state for which these bounds
are realized. Any intermediate value can be achieved for
some state ^
1




B. Necessary and suÆcient conditions
A necessary and suÆcient condition for complete con-
trollability is that the dynamical Lie group S of the sys-
tem be U (N ). Noting that S is always a subgroup of
U (N ), we see immediately that complete controllability
is the strongest possible requirement of controllability.
Since Eq. (5) denes a right-invariant control system on





have zero trace, it follows from theorem 7.1 in
[17] that a necessary and suÆcient condition for the dy-
namical Lie group S to be U (N ) is that the dynamical Lie
algebra L be isomorphic to u(N ). Similarly, S ' SU (N )
if and only if L ' su(N ).
As pure states can be represented by complex unit vec-
tors, a suÆcient condition for pure-state controllability of
a quantum system of dimension N is that its dynamical




. It is easy to see that transitive action on S
2N 1
is necessary for pure-state controllability as well. Using
classical results on tranformation groups of spheres [18]
it can be shown that the only subgroups of U (N ) that
act transitively on the unit sphere in C
N
are U (N ) itself,
SU (N ), and if N is even, Sp(
N
2









g [2]. Thus, a quantum system will
be pure-state controllable if and only if its dynamical Lie
group S contains one of the Lie groups above. In [2]
(Theorem 4) it is shown that this is possible only if the
dynamical Lie algebra L of the system is u(N ), su(N ),







A necessary and suÆcient condition for density ma-
trix controllability is that the dynamical Lie group S act
transitively on all equivalence classes of density matri-
ces. Clearly, S ' U (N ) is suÆcient for density matrix
controllability. SU (N ) is also suÆcient since for any tar-
get state ^
1
that is reachable from a given initial state ^
0
via a unitary transformation
^
U , there exists an equiva-
lent transformation
~










Pure-state controllability is a prerequisite for density ma-
trix controllability since a pure state j	i can be repre-
sented by a density matrix j	ih	j. Thus, only systems







)  U (1) qualify for density matrix controllability
However, we shall see that the latter two are not suÆcient
for density matrix controllability since there are kine-
matically admissible mixed states that cannot be reached
from certain initial states.
Example 2 Let N = 2` and assume the dynamical Lie
algebra
~





0  m M , is sp(
N
2
). Then there exists a 2`2` matrix
~





























) = 0; 8m:





































then the diagonal el-
ements of ^
0
are distinct, non-negative and sum to one.
Thus ^
0
is a density matrix of rank N with N = 2` dis-
tinct eigenvalues.





J (ix^) = 0.
Thus, ix^ is an element in the dynamical Lie algebra
~
L.
Hence, it has to remain in
~
L under the action of the





















; : : : ; w
`
), which is kinemati-
cally equivalent to ^
0
, is not dynamically accessible from
^
0
















not act transitively on all equivalence classes of density
matrices; in particular it does not act transitively on
equivalence classes of density matrices of rank N with
distinct eigenvalues.
Density matrix controllability is clearly suÆcient for
observable controllability for it implies that any state in
the same kinematical equivalence class as the initial state
can be reached dynamically. Therefore, any observable
can dynamically assume any expectation value (ensemble
average) that is kinematically allowed for the equivalence
class of states selected by the initial state. The previous
example also shows that density matrix controllability is
a necessary condition for observable controllability since
^
1
is itself an observable that assumes its kinematical up-
per bound exactly if the system is in state ^
1
, which is
not dynamically accessible from the initial state ^
0
. (It is




have N distinct eigenval-
ues since this guarantees that there is only a single state
for which ^
1
assumes its kinematical upper bound.)
All the above observations can be summarized as fol-
lows.
Theorem 2 A necessary and suÆcient condition for a




1. completely controllable is L ' u(N );
2. density-matrix controllable is
~
L ' su(N );
3. observable controllable is
~
L ' su(N );
4. pure-state controllable is
~







This theorem is not only theoretically interestesting.
It can be used in practice to determine the degree of
controllability of a quantum system by computing the
dynamical Lie algebra
~
L of the system and determining
whether it is isomorphic to one of the algebras above. For
specic model systems one can often even determine the
Lie algebra as a function of the parameters of the model
and apply the previous theorem to decide if the system
is controllable and to what degree [3, 9].
Notice that density matrix and observable controlla-
bility are equivalent. Complete controllability is theoret-
ically slightly stronger although the dierence is subtle
and can usually be ignored in practice. To see why this




) = 0 for all m, i.e.,




) = 0 then there are certain uni-
tary operators that are not dynamically attainable. For








is not dynamically realizable unless  is an integer multi-















j2i) is technically not reachable from
j	
0













which diers from j	
1
i only by an absolute phase factor
e
 i=2





is usually not signicant for practical
purposes.
IV. CONTROLLABILITY OF ATOMIC
SYSTEMS
We shall now apply the results of the previous sec-
tions to determine the degree of controllability of various
atomic systems. We consider an atomic system with two
main energy levels, where the number of degenerate sub-
levels depends on the F -value of the atomic level and is
5given by the formula 2F+1. We can couple magnetic sub-
levels with the same quantum number m using a linearly
polarized eld and sublevels with m = 1 using left
and right circularly polarized elds, respectively. Fig. 1
shows the coupling diagrams for various cases.
A. Transition between two F = 0 levels
Example 1 in gure 1 shows the trivial case of a tran-
sition between two non-degenerate (F = 0) levels. The










































. Thus, the system is always density matrix
and observable controllable (and completely controllable
in the former case) using a linearly polarized eld.
B. Transitions between F = 0 and F = 1 levels
Example 2 shows a diagram for transitions between
sublevels of two atomic levels with F = 0 and F = 1,
respectively. Since the F = 1 level is three-fold degener-
























in the standard basis. Since a linearly polarized eld
will only drive transitions between states with the same
magnetic quantum number, the interaction Hamiltonian








0 0 d 0
0 0 0 0
d 0 0 0





Similarly, if a left or right circularly polarized eld is ap-
plied, it will only drive transitions between states whose
magnetic quantum numbers dier by m = 1, respec-
tively. Thus, the interaction Hamiltonians for a left or








0 d 0 0
d 0 0 0
0 0 0 0












0 0 0 d
0 0 0 0
0 0 0 0





It is obvious from the diagram that all three polarizations

























) shows that the system is always density
matrix and observable controllable in this case.
C. Transition between two F = 1 levels
Example 3 shows four dierent coupling diagrams for
transitions between sublevels of two atomic levels with
F = 1. Considering the ordering of the states chosen in
















0 0 0 0 0
0 E
2




0 0 0 E
2
0 0
0 0 0 0 E
1
0












and the interaction Hamiltonians for linearly as well as














0 d 0 0 0 0
d 0 0 0 0 0
0 0 0 d 0 0
0 0 d 0 0 0
0 0 0 0 0 d
























0 0 0 0 0 0
0 0 d 0 0 0
0 d 0 0 0 0
0 0 0 0 d 0
0 0 0 d 0 0

























0 0 0 d 0 0
0 0 0 0 0 0
0 0 0 0 0 d
d 0 0 0 0 0
0 0 0 0 0 0
























). Thus, if only a
linearly polarized eld is used then the system breaks up
into three congruent, non-interacting two-level subsys-
tems (as shown in Example 3a) and behaves eectively
like a two-state system.


















linearly and left circularly polarized elds are used then
the system is pure-state controllable (see Example 3b).
The same holds if linearly and right circularly polarized
elds are used instead (not shown).
However, even if linearly as well as left and right cir-
cularly polarized elds are used (as shown in Example
3c) the system is neither density matrix nor observable


















































































































































































































































































































Ex 3a: F=1 / F=1
Ex 3b: F=1 / F=1
Ex 3c: F=1 / F=1
Ex 3d: F=1 / F=1
Ex 4a: F=1 / F=2 Ex 5a: F=2 / F=2
Ex 4b: F=1 / F=2
Ex 4c: F=1 / F=2
Ex 4d: F=1 / F=2
Ex 5b: F=2 / F=2
Ex 5c: F=2 / F=2
Ex 5d: F=2 / F=2
Ex 2: F=0 / F=1
Ex 1: F=0 / F=0














) as in the previous case.
Finally, if only left and right circularly polarized elds
(see Example 3d) are used then the system decomposes
into two congruent, non-interacting three-level subsys-
tems spanned by the states j1i, j4i, j5i and j2i, j3i, j6i,













is u(3), i.e., the system behaves eec-
tively like a completely controllable three-state system.
D. Transitions between F = 1 and F = 2 levels
Example 4 shows four dierent coupling diagrams for
transitions between sublevels of two atomic levels with
F = 1 and F = 2, respectively. Given the ordering of





















0 0 0 0 0 0 0
0 E
1
0 0 0 0 0 0
0 0 E
2
0 0 0 0 0
0 0 0 E
1
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0 0 0 0 E
2
0 0 0
0 0 0 0 0 E
1
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0 0 0 0 0 0 E
2
0

















and the interaction Hamiltonians for linearly as well as



















0 0 0 0 0 0 0 0
0 0 d 0 0 0 0 0
0 d 0 0 0 0 0 0
0 0 0 0 d 0 0 0
0 0 0 d 0 0 0 0
0 0 0 0 0 0 d 0
0 0 0 0 0 d 0 0


































0 d 0 0 0 0 0 0
d 0 0 0 0 0 0 0
0 0 0 d 0 0 0 0
0 0 d 0 0 0 0 0
0 0 0 0 0 d 0 0
0 0 0 0 d 0 0 0
0 0 0 0 0 0 0 0


































0 0 0 0 0 0 0 0
0 0 0 0 d 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 d 0
d 0 0 0 0 0 0 0
0 0 0 0 0 0 0 d
0 0 0 d 0 0 0 0
















If only a linearly polarized eld is used (as shown in Ex-
ample 4a) then the Lie algebra of the system is again




), i.e., the system behaves
eectively like a two-state system.
If linearly and left circularly polarized elds are used
then states j1i through j7i form a density matrix and













is isomorphic to u(7) (or
possibly su(7)).
If linearly as well as left and right circularly polarized
elds are used (as shown in Example 4c) then the system























Finally, if only left and right circularly polarized elds
are used then the system decomposes into two non-
interacting subsystems consisting of states j3i, j4i, j7i
and states j1i, j2i, j5i, j6i, j8i, respectively, as shown in
Example 4d. The system is therefore not controllable.
However, it can be veried that each of the subsystems
is eectively completely controllable.
E. Transition between two F = 2 levels
Example 5 shows four dierent coupling diagrams for
transitions between sublevels of two atomic levels with
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and the interaction Hamiltonians for linearly as well as
























0 d 0 0 0 0 0 0 0 0
d 0 0 0 0 0 0 0 0 0
0 0 0 d 0 0 0 0 0 0
0 0 d 0 0 0 0 0 0 0
0 0 0 0 0 d 0 0 0 0
0 0 0 0 d 0 0 0 0 0
0 0 0 0 0 0 0 d 0 0
0 0 0 0 0 0 d 0 0 0
0 0 0 0 0 0 0 0 0 d












































0 0 0 0 0 0 0 0 0 0
0 0 d 0 0 0 0 0 0 0
0 d 0 0 0 0 0 0 0 0
0 0 0 0 d 0 0 0 0 0
0 0 0 d 0 0 0 0 0 0
0 0 0 0 0 0 d 0 0 0
0 0 0 0 0 d 0 0 0 0
0 0 0 0 0 0 0 0 d 0
0 0 0 0 0 0 0 d 0 0











































0 0 0 d 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 d 0 0 0 0
d 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 d 0 0
0 0 d 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 d
0 0 0 0 0 d 0 0 0 0
0 0 0 0 0 0 0 0 0 0

































). Thus, if only a
linearly polarized eld is used then the system behaves
again eectively like a two-state system.


















linearly and left circularly polarized elds are used then
the system is pure-state controllable (see Example 5b).
The same is true if linearly and right circularly polarized
elds are used instead (not shown).
However, even if linearly as well as left and right circu-
larly polarized elds are used (as shown in Example 5c)























8If only left and right circularly polarized elds are used
then the system decomposes into two congruent, non-
interacting ve-level subsystems j1i, j4i, j5i, j8i, j9i and
j2i, j3i, j6i, j7i, j10i (see Example 5d). Noting that the













to u(5) shows that the system behaves eectively like a
completely controllable ve-state system.
V. CONCLUSION
We have provided precise denitions for various de-
grees of controllability relevant for quantum systems as
well as necessary and suÆcient conditions for each, and
applied the theoretical results to determine the degree of
controllability of various atomic systems with degener-
ate energy levels and transition frequencies. The main
results of this analysis can be summarized as follows.
1. A transition between two F = 0 levels is density
matrix and observable controllable using only a lin-
early polarized eld.
2. A transition between two levels with F = 0 and
F = 1, respectively, is density matrix and observ-
able controllable using linearly as well as left and
right circularly polarized elds.
3. A transition between two F = 1 states is pure-
state controllable using linearly and either left or
right circularly polarized elds. Such a transition is
not density matrix or observable controllable even
if linearly, left and right circularly polarized elds
are applied.
4. A transition between two levels with F = 1 and
F = 2, respectively, is density matrix and observ-
able controllable using linearly as well as left and
right circularly polarized elds.
5. None of these transitions are controllable using left
and right circularly polarized elds only.
6. If only linearly polarized elds are applied then all
the above transitions behave eectively like two-
state systems.
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APPENDIX A: IDENTIFYING THE
DYNAMICAL LIE ALGEBRA
In order to decide whether the dynamical Lie algebra




or u(N ) we proceed as follows. We rst compute the di-



















at least one of the operators has non-zero trace then the
Lie algebra is isomorphic to u(N ) and the system is com-









have zero trace then L = su(N ) and the system
is both density matrix and observable controllable. If N
is even and
~
L has dimension N (N+1)=2 then we check if
there exists an operator
~
J , which is unitarily equivalent
to the
^














) = 0 (A1)
holds for all m. If such a
~
J exists then we conclude
that the Lie algebra
~














To determine if there exists a
~
J such that (A1) is sat-





















J is a N
2
column vector. To determine the solutions
~

















If it is non-empty then there is a
^
J such that (A1) is
satised and we can compute its eigenvalues and compare
them to the eigenvalues of the standard
^
J given in (11) to
determine if this
~
J is unitarily equivalent to the standard
^
J by recalling that two operators are unitarily equivalent
if and only if the have the same eigenvalues.
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